Abstract. A variety of fixed point results is presented for weakly contractive multi-valued maps. Our theory will then be applied to establish general existence principles for operator inclusions in Banach spaces relative to the weak topology.
Introduction
This paper presents a new fixed point theory for weakly contractive multi-valued maps between Banach spaces. This theory is then used to establish new results for differential and integral inclusions in a Banach space relative to the weak topology.
In 1971, Szep [24) discussed the abstract Cauchy problem [0, T] x E -E is a weakly-weakly continuous function and E is a reflexive Banach space. More recently [3, 4, 17, 18, 20 , 211 the non-reflexive case was examined, the weakly-weakly continuity of f was relaxed and also the more general integral equation case was discussed. However, the inclusion analogue of (1.1) has received very little attention; we refer the reader to [3, 51 . In this paper we will discuss in detail operator inclusions in a Banach space relative to the weak topology. Our general theory will include as particular cases differential and integral inclusions.
For the remainder of this section we gather together some notation and preliminary facts. Let Q E be the bounded subsets of a Banach space E and let KL be the family of all weakly compact subsets of E. Also, let B be the closed unit ball of E. The DeBlasi measure of weak non-compactness ([71; see also [11] ) is the map w : Q E -' [O,00) defined by
w(X) = inf t> O: There exists Y E KW with X ç Y + tB} (X e RE).
For convenience we recall some properties of w. For this let X1 , X2 e 1 E . Then:
(i) X, C X2 implies W (Xi) 5 w(X2).
(ii) w(Xi ) = 0 if and only if )F w E K''; here X' is the weak closure of X 1 in E.
(iii) w() w(Xi). Suppose F: Z C E -2E (here 2E denotes the family of non-empty subsets of E) maps bounded sets into bounded sets. We call F an o w-contractive map if 0 a < 1 and w(F(X)) aw(X) for all bounded sets X c Z. We say F: E1 -* 2E2 (here E1 and E2 are Banach spaces) is weakly upper semicontinuous if the set F' (A) is weakly closed in E1 for any weakly closed set A in E2.
We now state a theorem of Ambrosetti type (see [17, 21] and [22: pp. 86 -88]).
Theorem 1.1. (a) Let H be a bounded subset of C([0,T],E) (here E is a Banach space). Then sup w(H(i)) <w(H) iEIO,T] where H(t) = {(t) : 0 E H). (b) Let H C C([0, T), E) be bounded and equicontinuous. Then w(H) = sup w(H(t)) = W(H[0,T]) tEto,T]
where H[0,T] = 10(t) 0 EH}.
Next we state two results (the second one follows immediately from the first) which will be used frequently in Section 2 (see [23] for definitions and proofs). the space of weakly continuous functions on [a, b] with the topology of weak uniform convergence (the family of seminorms {j} is defined by 77h( g) = 
This topology is of course determined by the basis
where
..,l'm E E* , e >0 and mEN.
Theory and applications
We begin by establishing some new fixed point results which will be useful when we are discussing abstract operator inclusions. We first state a fixed point result due to Arino, Gautier and Penot [3] ; the proof follows easily from Himmelberg's fixed point result [13] . 
We first show N is weakly upper semicontinuous. Let Q be a weakly closed subset of C (i.e. Q is a closed set in (E, w)), (y,,, t,,) 
E F -'(A) with x, -* x in_(E,w). Since F'(A) is weakly sequentially closed, we have x € F(A). Thus F(A)" = F'(A), so F'(A) is weakly closed. Consequently, F: U -i CK(C) is upper semicontinuous in (E, w).

Next we show H is compact in (E, w). To see this notice H c co(F(H) U 10}) and so w(H) <w(F(H)) <aw(H).
Consequently, w(H) =
for x€C\U''. 
Consider E with the norm topology. It is easy to see since F : -i CK(C) is weakly upper semicontinuous that N : C -+ CK(C) is weakly upper semicontinuous. Also, N: C -p CK(C) is a w-contractive. To see this let X c C and notice
N(X) c co(F(X fl U) U {0}).
Thus w(N(X)) < w(F(X fl U)) <w(F(X)) <aw(X).
Now Theorem 2.2 implies that there exists x € C with x € N(x
Thus there exists e > 0 with i, fl B = 0; here Q, is as described in (2.1). Note Q. is weakly compact (since Q, is closed and convex (so weakly closed) and bounded). Also, since E is separable, we know from [8] that weak topology on is metrizable; let d* denote the metric. For i € N let It is also of interest (see [3, 4 -6, 16 -18, 20 -22, 24] ) to find solutions to (2.4) in C([0,TI,Ew); here E is a Banach space. To establish existence in this case we use Himmelberg's fixed point theorem [13] . For convenience we state it here.
Theorem 2.7. Let Q be a non-empty, convex, closed subset of a locally convex Hausdorff linear topological space B. Assume that F : Q -* C(Q) is upper semicontinuous and F(Q) is relatively compact in B. Then F has a fixed point.
Theorem 2.7 immediately yields the following existence principle for (2.4).
Theorem 2.8. Let E be a Banach space with Q a non-empty, closed, convex subset of C([0,T],E). Also, assume Q is a subset of C([0, TI, E) and F : Q -Cc(Q) is w-upper semicontinuous (i.e. for any closed set B of C([0,T),E), F(B) is closed in C([0, TI, E)). In addition suppose the family F(Q) is weakly equicontinuous and F(Q(t)) is weakly relatively compact in E, for each t E [0, T]. Then (2.4) has a solution in Q.
Remark 2.10. Cc(Q). denotes the family of non-empty, convex (subset of C([0, T], E)), closed (in C([0, T], E)) subsets of Q.
Proof of Theorem 2.8. The result follows from Theorem 2.7 (there the locally convex Hausdot-if space B is C([0, T I, Em)) if we show F(Q) is relatively compact in C ([0 , T], E ) and if F: Q -Cw(Q) (here Cw(Q) denotes the family of non-empty, convex, closed (in C([0,T],E)) subsets of Q).
To 
see that F(Q) is relatively compact in C([0, T], E) we apply the Arzela-Ascoli theorem [15: Theorem 7.17/p. 233]. We must show (which were assumed) (i) for each t E [0,T], FQ(t)= {Fy(t) : y E Q} is weakly relatively compact in E (ii)F(Q) is weakly equicontinuous To show F: Q -Cw(Q) we need to check that F is closed in C([0,T],E) for each
is a subset of C([0,T],E) is not needed in the proof if we wish to guarantee a solution in C([0, T], E) (but not necessarily in C([0,TI,E)).
A more general version of Theorem 2.8 is the following result.
Theorem 2.9. Let E be a Banach space with Q a non-empty, closed, convex subset of C([0,T1,E). Also, assume Q is a closed, bounded subset of C([0,T],E), F: Q -* Cc(Q) is w-upper semicontinuous, and there exists a, 0 < a < 1, with w(F(X)) < a w(X) for all bounded subsets X C Q . In addition suppose the family F(Q) is weakly equicontinuous. Then (2.4) has a solution in Q.
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Proof. Let Si = Q
Sn+ i = (F(S)) (n >_ 1).
It is easy to see that S 1 ç 5,, and w(S,,+ i ) < a"w(Si )
for n> 1. Since 0 < a < 1 we have w(S,,) -0 as n -* oo. Also, since 5,, is a weakly closed subset of C([0, T], E) for each n we have that S = fl 1 S, is non-empty. In addition, S is weakly.closed and convex. Also, an easy argument (see the ideas in Theorem 2.8 using point functionals) implies that S is closed in C([0,T] ,'E). In addition, since F(S,,) C F(S,,_ 1 ) C (F(S,,_ 1 ) 
/(a) implies w(FS(i)) = 0 for each t E [0,T]. Thus for each t E [0, T) we have that F S (t) is weakly relatively compact in E
To illustrate the theory derived we now consider the Volterra integral inclusion
Y(t) E h(t) + / k(t, s) F(s, y(s)) ds
(2.5)
When we are discussing (2.5) we will assume the following conditions hold: Assign a multi-valued operator I k(t, s) 
N : C([0, T], E) fl C([O, T], E) (= C([0, T], E)) -* Cc(C([0, T], E)) (2.13) by letting
Iv: [0,T] -4 E is scalarly measurable) N y(t) = < h(t) +
. Let r(i) = h(t) + f k(t, s) g(s) ds. Then for each 0 E E* we have
(/ k(t, s) g(s) ds) = I k(t, s) (g(s))ds = I k(i,
s) z(s) ds and so (r) = (h(t) + f0 k(t, s) z(s) ds).
Next we show u(t) = h(t) + I k(t, s) z(s) ds € C([0, T I, E) fl C([0, T], E).
Now u € C([0, T], E) immediately since O(u(t)) = 0(h(t) + / k(t, s) z(s) ds) =
To see that u is continuous first notice that there exists r > 0 with lylo = sup10, Iy(t)I and so (2. 
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To show (2. 
Suppose w(t) -4 h(t) + / k(t,$)z(s)ds = w(t) in C([0,T),E).
Fix t E (0, T] and 0 E E* . Then cb(k(t, •)zn) -(k(t, .)z) in V[O,t),so c(k(t, .)z) -çb(k(t, . ) z) in measure. Thus there exists a subsequence S of integers with cb(k(t,$)zn(s)) -çb(k(t,$)z(s))
for a.e. s E [0,t] (as n -no in 5). 
Now since k(t, s) Zn(s)
E k(t, .$) F(s,
of C ([0 , T], E ) with Q a bounded subset of C([0,T],E). Also, assume (2.6) -(2.12) are satisfied. In addition, suppose the following conditions hold: N : C([O, Tj, E) fl C([0, TJ, E) (= C([0, T], E)) -+ Cc(C([0, T], E))
and Iu(t) -u(x)I = (u(t) -u(x)). Thus
Iu(t) -u ( x )1 = cb(u(t) -u(x))
Ih(t) -h(x)I + MI Ik(t, s) -k(x, s)I ds + M I k(t, s)[ ds.
Thus N Q is weakly equicontinuous (of course, N Q is also strongly equicontinuous) U To conclude this section we discuss "approximation type methods" for (2.4). A set
where Let ci {Fny: Y Q, n
